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Abstract. Four-colour aperiodic selfsimilar patterns in two dimensions with seven-fold
symmetry and Bragg spectrum are introduced and described with the help of substitutional
sequences.

Quasicrystals are solids with an essentially discrete diffraction diagram (Bragg peaks)
showing non-crystallographic symmetries [1]. In order to study their structure with the
help of tiling models it is necessary therefore to look for tilings with Bragg spectrum.

Context-free grammars and D0L systems have been used recently by the author for the
description of two-colour planar patterns with non-crystallographic symmetries less than
or equal to eight [2, 3] and icosahedral Danzer tilings [4]. The patterns with seven-fold
symmetry obtained by Danzer [5, 1] have no discrete part in their diffraction spectra [4].

In this work we introduce seven-fold symmetry patterns which could be used for
structure models of quasicrystals (this symmetry has not yet been found in diffraction
experiments). They have been obtained by inflation and can be described as word sequences
along the lines of [2, 3].

A D0L system (see [6]) is a tripleG = {6, h, ω} where 6 is an alphabet,h is an
endomorphism defined on the set6∗ of all the words over the alphabet6, andω referred
to as the axiom is an element of6∗. The word sequenceE(G) generated byG consists
of the wordsh0(ω) = ω, h(ω), h2(ω), h3(ω), . . . and the language ofG is defined by
L(G) = {hi(ω)/i > 0}. In what follows the endomorphismh will be defined by listing the
productions for each letter.

The following example shows a selfsimilar tiling of the line obtained by interpreting
the lettersX ∈ 6 as segments with appropriate lengthslX. They correspond to the edges
of the elementary two-dimensional tiles.

Consider the alphabet6 = {U, V, W }, axiom: ω = U and set of production rules:

U 7−→ UV W V 7−→ UV W 7−→ U. (1)

The geometric interpretation of the word sequences is clear: if two letters follow one
another, the corresponding segments will appear together in the structure. If we choose the
segment lengths:lU/ lW = β = 1 + 2 cos(2π/7), lV / lW = β2 − β − 1 = 2 cos(π/7) a
selfsimilar one-dimensional tiling is obtained with scaling factorβ satisfying the equation
β3 = 2β2 + β − 1.

The model presented in the following is an interpretation of words as planar patterns.

The alphabet is6 = {ai, bi, b̄i , ci, di, ãi , b̃i ,
˜̄bi, c̃i , d̃i , (, )} with i ∈ Z14. It contains two

brackets and letters of typeti and t̃i with t = a, b, c, d which represent tiles with the same
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Figure 1. The first inflation step in the derivation of the patterns.

shape but they are distinguished by a colour. The tilesb and b̄ have also the same shape
but a different colouring. Therefore, we need two colours forti and t̃i and two additional

colours forb̄i and ˜̄bi .
In figure 1 we can see the tiles represented by letters with subindex 1. The oriented tile

with subindexi is obtained by rotation ofπ(i − 1)/7 through the left-most vertex. Colours
are represented by different markings on the tiles.

Every element belonging to6 representing a tile can be used as an axiom. We take for
instanceω = c1.The set of production rules is:

ai 7−→ (8[ai ]) = (8[b̃i ]ãi+4) ãi 7−→ (8[ãi ]) = (8[bi ]ai−4)

bi 7−→ (8[ci ]) = (c̃i+6b̃i−6d̃i+6di−5) b̃i 7−→ (8[b̃i ]) = (cibi+6di d̃i−3)

b̄i 7−→ (8[b̄i ]) = (b̃i+3d̃i+18[c̃i ])
˜̄bi 7−→ (8[ ˜̄bi ]) = (bi−3di+58[ci+6])

ci 7−→ (8[ci ]) = (ai b̄i−6) c̃i 7−→ (8[c̃i ]) = (ãi−6
˜̄bi)

di 7−→ (8[di ]) = (8[ ˜̄bi−6] ˜̄bi−5ãi+3d̃i−4) d̃i 7−→ (8[d̃i ]) = (8[b̄i ]b̄i−1ai+5di+4)

) 7−→) (7−→ (.

(2)

The Coxeter groupH(7) = 〈R1, R2/(R1R2)
7 = R2

1 = R2
2 = e〉 contains two reflections

R1 and R2 and a seven-fold rotationR1R2. The generators ofH(7) acts on the symbols
representing tiles as follows

R1(xi) = x̃11−i R2(xi) = x̃9−i

R1(yi) = ỹ3−i R2(yi) = ỹ1−i

(3)
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where x = a, b, b̄ and y = c, d. In this way the inflation represented by8 satisfies
Rk8

m = 8mRk for k = 1, 2 andm > 1.
Consider the following word sequence for a part of a pattern:

c1, (a1b̄9), ((c1b7d1d̃12)(b̃12d̃10ã3
˜̄b9)).

In the second word of the sequence, if two letters follow one another, the corresponding
oriented triangles are glued facet to facet in a unique way. This first inflation step in the

derivation of the patterns can be seen in figure 1. The word((c1b7d1d̃12)(b̃12d̃10ã3
˜̄b9))

represents a part of the pattern where the scaled tile(c1b7d1d̃12) is glued facet to facet with

(b̃12d̃10ã3
˜̄b9).

As one can see in successive patterns generations, the edges of the basic triangles do
not inflate following the substitutional sequences obtained from (1). However, it is possible
to give a colouring to the edges in order to get the correct inflations.

We label the edges asLi wherei stands for a colour andL = U, V, W . If we choose
anticlockwise orientation in the patterns the following production rules are obtained:

U1 7−→ φ[U1] = W2U2V1 V1 7−→ φ[V1] = V2U1 W1 7−→ φ[W1] = U2

U2 7−→ φ[U2] = V2U1W1 V2 7−→ φ[V2] = U2V1 W2 7−→ φ[W2] = U1.
(4)

After projection ofLi into L, we get the correct words representing the inflated edges.
Only L1 andL2 are common edges of two adjacent tiles. Therefore, the fact that the tilings
are facet to facet is equivalent to the fact thatφn(L1) and φn(L2) are mirror words after
projection ofLj into L. The inflation rules for the edges can be useful in order to link these
models with the non-commutative crystallography in dimension two ([7] and references
therein), where the generators of free groups are associated with directed segments or paths.

The problem of how to know whether or not the diffraction pattern of a selfsimilar
tiling consists of Bragg peaks has been solved by Bombery and Taylor in one dimension
[8]. They found that the scaling factor should be a Pisot–Vijayaraghavan number. This
is an algebraic integer greater than one with all its conjugates (the remaining roots of its
minimal polynomial) strictly less than one in absolute value. Later these results have been
generalized to several planar patterns [9]. Recently, necessary and sufficent conditions have
been determined for a wave vectorq to be in the Bragg spectrum. In [10] it is shown that
the pattern has Bragg peaks only if the scaling factor of the pattern is a PV number.

It is possible to give another geometric description of the patterns presented in this
work along the lines of [9, 4] that allows us to write recursion relations for the numerical
computation of the diffraction spectra. Bragg peaks will be found due to the fact thatβ is
a PV number.
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[2] Garćıa-Escudero J and Kramer P 1993J. Phys. A: Math. Gen.26 L1029
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